The connection between interatomic potentials and structure functions of liquids is studied. The expressions for two-and three-body potentials are obtained. The contribution of three-body effects is found to be significant, reaching several per cent of the ground-state energy.
Introduction
The problem of interatomic interaction calculation is known to have a long story. LennardJones [1] proposed a form with attractive and repulsive parts, and this potential was used for a long time as the most appropriate for simple liquids [2] . In 1931, Slater and Kirkwood [3] obtained the potential for helium. As more powerful computational methods became available, the accuracy of the interatomic interactions calculation grew and new potentials appeared. The potentials of Aziz et al. [4, 5, 6] seem to be the most popular now. A direct quantum-mechanical calculation of the helium potential was applied by Anderson et al. [7] . A perturbation approach for the same problem was utilized by Tang et al. [8] . A Monte Carlo treatment of the helium-helium potential was recently used by Anderson [9] .
The problem of the relation between interatomic potential and structure functions of liquids is relatively easily solved within classical or semi-classical approaches. One can find works containing such calculations for metals [10] , noble gases [11] , etc., but in the case of quantum liquid, this relation is much more complicated. Additionally, we would like to obtain the potential directly from experimental data, not imposing its functional form from outside (i.e., not assuming the Lennard-Jones or similar potential with parameters to be calculated). It was estimated by Boronat and Casulleras [12] that the contribution from the threebody effects is not negligible in the case of liquid helium. The problem of the three-body potential was first considered by Axilrod and Teller in 1943 [13] . Their triple-dipole term is now included in most modern three-body potentials-see, e.g., the potential of Parish and Dykstra [14] . Various approaches including quantum chemistry methods [15] and Monte Carlo techniques [16] are used for such calculations.
In the present work, we will try to establish some relations between the interatomic potentials and structure functions of liquids. The expressions are derived from first principles and the experimental information used as an input for the calculations. We try to use only (comparatively) easily measurable quantities, such as the static structure factor and functions obtained from it.
The paper is organized as follows. The derivation of the analytical expressions is given in Section 2. In Section 3, the numerical results for two-and three-body potentials are presented in plots and analysis of the three-body contribution to the ground-state potential energy of liquid helium-4 is performed.
Analytical expressions
We consider the system of N identical particles of mass m with coordinates r j and momenta p j restricted in the volume V . The Hamiltonian reads:
where Φ(R) and Φ 3 (R j , R l , R m ) are the two-and three-body potentials respectively. The contribution from other many-particle interactions will be neglected here. For a system of Bose-particles, in the collective variables representation [17] one obtains:
with ρ k standing for the density fluctuation Fourier component,
The respective derivative operator is
ε k is a free particle energy: ε k =h 2 k 2 /2m. The Fourier image of the effective pairwise potential reads:
where ν k and ν 3 (k 1 , k 2 , k 3 ) are the Fourier images of Φ(R) and Φ 3 (R j , R l , R m ), respectively:
We proceed from the expression for the wave function in the form [18] :
From the Schrödinger equationĤΨ = E 0 Ψ, collecting terms of similar 'powers' of ρ k , in the approximation of 'two sums over the wave vector', one gets the following set (compare with [18, 19] ):
(In the above expressions and hereafter, the momentum conservation law is implied:
) A similar procedure was applied for the calculation of the pairwise interatomic potential for helium [19] , but with three-body interactions neglected.
It appears to be possible to connect the coefficient functions a n with structure functions [18] . In particular, the triple structure factor reads:
where S k is an ordinary (pair) static structure factor. Such a form of the three-particle structure factor is consistent with that given in the paper by Krotscheck [20] . One can obtain this expression using the fact that the triple structure factor is defined as a variational derivative of the configurational integral Q = (dρ) |Ψ| 2 with respect to a 3 [18] , where the integration is made over all the variables ρ k :
For the sake of simplicity, we assume the convolution approximation:
According to (11) , this corresponds to a 3 (k 1 , k 2 , k 3 ) ≡ 0. This leads to the following relation for a 2 (see also [18] ):
As a result, from (10) in the convolution approximation, we get:
Further, we consider the random phase (RPA) approximation for ν 3 . It corresponds to neglecting the term with summation in (14) . This leads to the same accuracy in the results for two-body (ν k ) and three-body interactions. In coordinate space, the expression for the three-body potential is also simple:
where C(R) is the direct correlation function and primes mean the derivative with respect to argument.
Results and discussion
In the case of liquid helium, the direct correlation function at large distances behaves as 1/R 2 since the pair structure factor is linear at q → 0. We then see from (16) that the three-particle potential has i,j 1/(R 3 i R 3 j ) behaviour, an expression similar to that of dipole-dipole interactions. On the other hand, if the structure factor of a system behaves differently (for an ordinary fluid), C(R) ∝ 1/R 4 [21] and, therefore, Φ 3 ∝ i,j 1/(R 5 i R 5 j ). So, for a system fulfilling Landau's superfluidity criterion [22] , the long-range behaviour of Φ 3 is principally different from that of a normal fluid. For the latter, the power 10 = 5 + 5 is close to 3 + 3 + 3 = 9 (triple-dipole case, [13] ).
In order to estimate the three-body contribution to the energy of the system, we compare the results of the ground-state potential energy Φ/N calculation within several approaches. For simplicity, the experimental pair distribution function F 2 (R) from [23] will be used:
The three-particle contribution ∆E 3 reads:
Using the Kirkwood factorization for the three-body distribution function F 3 , we calculate ∆E 3 1.6 K with Φ 3 given by (16) . The results are adduced in Table 1 . One can see that the best fit to the Aziz model potential is found in the case when the three-body contribution is taken into account. One should remember that the results for the model potentials may differ from that of other sources of data since we use the experimental distribution function.
One can also check the self-consistency of the calculations comparing, e.g., the experimental pair distribution function F 2 (R) (originally obtained from the input structure factor) and the pair distribution function calculated from the coefficient function a 2 (q) [18] :
∆ 3 has a complex structure containing two summations over the wave vector. It takes three-body and higher effects into account. A comparison is presented in Fig. 1 . One can see that inclusion of many-body effects leads to much better agreement with the experimental curve and also that the approximation used in the work does not play a crucial role.
Finally, we present the calculated potentials in Figs. 2-4 . For the calculations, the direct correlation function C(R) obtained from the structure factor was used-see (16) . The numerical data are given in Table 2 . As the function C(R) is smooth enough, any interpolation method is applicable. In this work, cubic splines were utilized. One can see from Fig. 2 that the interatomic potential has its minimum shifted to the correct position compared with that of [19] . However, the potential well is deeper than in the case of the Aziz potential [6] . The same might be said about the three-body potential from Fig. 4 . We expect that accounting for the four-body interaction will improve our results as this is the last term that should be added in the Hamiltonian within the approximation of
On the other hand, we consider the wave-like behaviour of our potentials as a consequence of the quantum nature of interactions: it was already mentioned in the Introduction that the form of the potential is not 'imposed' from outside but extracted directly from the structure of the liquid.
It is necessary to stress here the fact that all the results were obtained in the quantummechanical approach and, therefore, for a single temperature of 0 K. The experimental data at non-zero temperature was extrapolated to T = 0 K by a simple procedurecf. [19] . To make the extension for different temperatures, one has to use other techniques from the statistical mechanics domain, like (two-time) temperature Green's function formalism, etc.
The result for liquid argon is given in Fig. 5 for the sake of comparison. As one might have expected, qualitatively it resembles the potential map for helium. Detailed computations with argon and other liquids are yet to be made. As the next step of investigation in this direction we also consider more precise calculations of the threebody potential. This requires better approximation for the three-body structure factor and, consequently, more computational effort will be necessary. 
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